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OPTIMAL BOUNDS FOR CERTAIN BIVARIATE MEANS
Abstract. New bivariate means, introduced and investigated in
[1], play a central role in this work. The lower and upper bounds
for those means are obtained. Bounding quantities are the one-
parameter means derived from the harmonic and contraharmonic
means by forming convex combinations of the variables of these
two means.
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x2. Denition and basic properties of the
one-parameter family of means
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x3. Bivariate means used in this paper
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x4. Optimal bounds for the four new means
                                                                     
                                                                       
                                                                     
                           
                                                                     
                         Optimal bounds for certain means 39
Theorem A. Let the functions   and   be continuous on      , differen-
tiable on       and such that  ′    ̸    on      . If  ′     ′    is (strictly)
increasing (decreasing) on      , then the functions
           
           
   
           
           
are also (strictly) increasing (decreasing) on      .
                                                                     
                                                                            
Theorem 1  The following two-sided inequality
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is valid provided
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Theorem 2  The inequalities
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are satised if
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Theorem 3  If       and    
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Theorem 4  The two-sided inequality
 p    AQ    q      
holds true if
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Proof.                                                                    
                           
 2  
 
  2
[
      2 
    1  
 
   
]
   2 
                                                                 
 2   ϕ4       2        
     
ϕ4     
    
    
  
               2  
    
3  
 
           
 
′
   
 
′   
 
 
 
(
   
  
     
)
    4    
                                                                            
                                                4                          
                                                                      
             ϕ4                                                     
ϕ4  +   
 
 
    ϕ4       
     
 
 
                                                         □
References
[1] Neuman E.                        . Aequationes Math., in press.
[2] He Z.-Y., Chu Y.-M., Wang M.-K.                                   
                                          . J. Appl. Math., to appear.
[3] Neuman E.                                          . J. Math. Inequal.,
2013, vol. 7, no. 3, pp. 399{412.
[4] Neuman E.                                                             
     . J. Math. Inequal., 2013, vol. 7, no. 3, pp. 413{419.
[5] Neuman E.                   ﬀ         . Aequationes Math., 2014, vol.
87, no. 3, pp. 325{335.Optimal bounds for certain means 43
[6] Neuman E.                                                    .
J.Math. Inequal., 2014, vol. 8, no. 1, pp. 171{183.
[7] Neuman E.                                                  . J.Inequal.
Spec. Funct., 2013, vol. 4, no. 4, pp. 12{20.
[8] Neuman E.                                               . Bull. Internat.
Math. Virtual Inst., 2013, vol. 3, pp. 49{57.
[9] Borwein J. M., Borwein P. B.                                           
                                     John Wiley and Sons, New York,
1987.
[10] Carlson B. C.                                                   . Amer.
Math. Monthly, 1971, vol. 78, pp. 496{505.
[11] Neuman E., S andor J.                            . Math. Pannon.,
2003, vol. 14, no. 2, pp. 253{266.
[12] Neuman E., S andor J.                               . Math. Pannon.,
2006, vol. 17, no. 1, pp. 49{59.
[13] Neuman E.                                                              
     . J. Math. Inequal., 2011, vol. 5, pp. 601{609.
[14] Alzer H., Qiu S.-L.                                                    
                  . J. Comput. Appl. Math., 2004, vol. 172, pp. 289{312.
The work is received on December 12, 2013.
Mathematical Research Institute,
144 Hawthorn Hollow, Carbondale, IL 62903, USA.
E-mail: edneuman76@gmail.com